Introduction {#Sec1}
============

Formal Concept Analysis (FCA) is a mathematical framework to analyze datasets introduced by Ganter and Wille in eighties \[[@CR12]\]. The main goals of FCA are the following: to obtain the knowledge from data, to represent the obtained knowledge by means of the mathematical structure called concept lattice and to discover dependencies in data. The applied potential of FCA has encouraged the development of different generalizations.

One of the most intensively studied research lines by the research community of FCA in the last years, consists on decreasing the number of attributes of a dataset, preserving the information provided by the dataset \[[@CR1], [@CR2], [@CR7], [@CR8], [@CR10], [@CR11], [@CR13]--[@CR18]\]. In \[[@CR6]\], authors proved that every reduction of attributes of a formal context induces an equivalent relation whose equivalent classes are join-semilattices. In \[[@CR3]\], local congruences were introduced and applied to this attribute reduction. Local congruences are equivalence relations on lattices whose equivalence classes are convex sublattices. The idea in \[[@CR3]\] was to find the least local congruence containing the equivalent relation induced by an attribute reduction of a formal context, in order to group the concepts of the original concept lattice using closed structures.

Sometimes, the induced equivalent relation by a reduction of the context is already a local congruence but sometime it is not. In the latter case, the fact of using a local congruence that contains the induced equivalence relation has an influence on the original reduction. In this paper, we present an initial study about the relationship between local congruences and the induced equivalent relation by an attribute reduction of a formal context. This study provides a first step to know the influence that this special kind of equivalence relations has on the reduction procedure. We will include several examples to illustrate the obtained result.

Preliminaries {#Sec2}
=============

We need to recall some basic notions used in this work. In order to present the preliminary notions as clearly as possible, we will divide this section into two parts. The first one will be devoted to recall those necessary notions of FCA and the second one to those related to local congruences.

Formal Concept Analysis {#Sec3}
-----------------------
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In addition, all the concepts together with the inclusion ordering on the left argument has the structure of a complete lattice, which is called *concept lattice* and it is denoted as $\documentclass[12pt]{minimal}
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From now on, we will say that an *attribute-concept* is a concept generated by an attribute $\documentclass[12pt]{minimal}
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On the other hand, we need to recall the notion of meet-irreducible element of a lattice.

### Definition 1 {#FPar1}
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On the other hand, with respect to the attribute reduction in FCA, it is important to recall that when we reduce the set of attributes in a context, an equivalence relation on the set of concepts of the original concept lattice is induced. The following proposition was proved in \[[@CR6]\] for the classical setting of FCA and it is recalled below.

### Proposition 1 {#FPar2}
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In \[[@CR6]\], the authors also proved that each equivalence class of the induced equivalence relation has a structure of join semilattice.

### Proposition 2 {#FPar3}
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Local Congruences {#Sec4}
-----------------

The notion of local congruence arose with the goal of complementing attribute reduction in FCA. The purpose of local congruences is to obtain equivalence relations less-constraining than congruences \[[@CR3]\] and with useful properties to be applied in size reduction processes of concept lattices. We recall the notion of local congruence in the next definition.

### Definition 2 {#FPar4}
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The notion of local congruence can be characterized in terms of the equivalence relation, as the following result shows.

### Proposition 3 {#FPar5}
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Usually, we will look for a local congruence that contains a partition induced by an equivalence relation. When we say that a local congruence contain a partition provided by an equivalence relation, we are making use of the following definition of inclusion of equivalence relations.

### Definition 3 {#FPar6}
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Analyzing Local Congruences {#Sec5}
===========================

In this section, we will present an initial study about the role of local congruences when they are used along or together with other mechanisms to attribute reduction. In particular, we will analyze the relationship between local congruences and the induced equivalence relation by an attribute reduction from the perspective of the attribute of the context as well as from the meet-irreducible elements of the concept lattices. We are interested in discovering under what conditions the induced equivalence relation is a local congruence. We are also interested in analyzing the influence of the use of local congruence in the reduction of attributes, when the induced equivalence relation is not a local congruence.

Firstly, in the first example we will illustrate the main idea of this study.

Example 1 {#FPar7}
---------

Let us consider a formal context (*A*, *B*, *R*) composed of the attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = \{a_1, a_2, a_3\}$$\end{document}$ and the objects $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B = \{b_1, b_2, b_3\}$$\end{document}$, related by a relationship $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R\subseteq A\times B$$\end{document}$, which is shown in the left side of Table [1](#Tab1){ref-type="table"}, together with the list of concepts which appears in the right side of the same table. The associated concept lattice is displayed in the left side of Fig. [1](#Fig1){ref-type="fig"}.Table 1.Relation and list of concepts of the context of Example [1](#FPar7){ref-type="sec"}.

In order to analyze the influence of local congruences in the reduction of the set of attributes of the considered context, we include a list in which we show the attribute that generates each concept of the concept lattice:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_0=(a_3^{\downarrow },a_3^{\downarrow \uparrow })\\ C_1=(a_1^{\downarrow },a_1^{\downarrow \uparrow })\\ C_2=(a_2^{\downarrow },a_2^{\downarrow \uparrow }) \end{aligned}$$\end{document}$$If we consider, for example, the subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1 = \{a_2, a_3\}$$\end{document}$ to carry out the reduction of the set of attributes, that is, we remove the attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1$$\end{document}$, we obtain a partition of the concept lattice induced by the reduction that is highlighted by means of a dashed Venn diagram in the middle of Fig. [1](#Fig1){ref-type="fig"}. We obtain that the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3$$\end{document}$ are grouped in the same class whereas the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2$$\end{document}$ provide two different classes composed of a single concept each one. Therefore, according to Proposition [2](#FPar3){ref-type="sec"}, we can see that the obtained equivalence classes are join semilattices. Indeed, all classes are convex sublattices of the original concept lattice.Fig. 1.Concept lattice of Example [1](#FPar7){ref-type="sec"} (left), the partition induced by the subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1$$\end{document}$ (center) and the least local congruence containing the partition (right).

As a consequence, the least local congruence containing such a reduction is the induced partition itself as it is shown in the right side of Fig. [1](#Fig1){ref-type="fig"}, where the local congruence is highlighted by means of a Venn diagram. In other words, the induced equivalence relation by the reduction is already a local congruence and, as a consequence, the consideration of local congruences does not alter the attribute reduction originally carried out on the set of attributes.

However, if the user decides to remove the attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$, that is, only the subset of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_2=\{a_3\}$$\end{document}$ is considered, the induced partition by the reduction is shown in the left side of Fig. [2](#Fig2){ref-type="fig"}.Fig. 2.The partition induced by the elimination of the attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ of Example [1](#FPar7){ref-type="sec"} (left) and the least local congruence containing the induced partition (right).

The equivalence classes induced by the the reduction are the following:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}{}[C_0]_{D_2}&=\{C_0\}\\ [C_1]_{D_2}=[C_2]_{D_2}=[C_3]_{D_2}&=\{C_1,C_2,C_3\} \end{aligned}$$\end{document}$$In this case, the obtained equivalence classes are non-trivial join-semilattices since the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3$$\end{document}$ do not form a convex sublattice of the original concept lattice. In this case, the infimum of the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$ is de concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$, which has not been included in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$. This concept is not in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$ because it is generated from the attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_3$$\end{document}$, which means that this attribute differences concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ from the rest. Therefore, if this attribute is not removed in the reduction procedure, then it continues differentiating this concept from the rest and it cannot be in the same class of the rest.

If we compute the least local congruence containing the equivalence relation above, it groups all concepts in a single class, that is, the local congruence includes the infimum of the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3$$\end{document}$, that is, the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$, in the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$. This local congruence is depicted in the right side of Fig. [2](#Fig2){ref-type="fig"}. Clearly, this local congruence does not coincides with the equivalence relation induced by the attribute reduction which entails certain consequences with respect to the initial attribute reduction, since the inclusion of the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ in the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$, can be seen as a kind of elimination of the attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_3$$\end{document}$ (since the attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_3$$\end{document}$ generates the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ C_0 $$\end{document}$).    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The previous example has shown different possibilities of applying local congruences for complementing an attribute reduction process. Hence, we have that some times the obtained equivalence relations is already a local congruence and other cases is not. In particular, we have seen a case that when the infimum of an induced equivalence class is generated by an attribute, which has not been removed during the reduction process, proper join semilattices arise and the induced equivalence relation is not a local congruence. In the following example, we will analyze another possible situations we can find when the set of attributes is reduced.

Example 2 {#FPar8}
---------

We will consider a context composed of the set of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = \{a_1, a_2, a_3, a_4\}$$\end{document}$ and the set of objects $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B = \{b_1, b_2, b_3\}$$\end{document}$, related by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R: A\times B \rightarrow \{0,1\}$$\end{document}$, defined on the left side of Table [2](#Tab2){ref-type="table"} together with the list of the corresponding concepts which appear in the right side of the same table. The associated concept lattice is given on the left side of Fig. [3](#Fig3){ref-type="fig"}.Table 2.Relation and list of concepts of the context of Example [2](#FPar8){ref-type="sec"}.

From this context we obtain the following attribute-concepts:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_3=(a_4^{\downarrow },a_4^{\downarrow \uparrow })\\ C_4=(a_1^{\downarrow },a_1^{\downarrow \uparrow })\\ C_5=(a_2^{\downarrow },a_2^{\downarrow \uparrow })\\ C_6=(a_3^{\downarrow },a_3^{\downarrow \uparrow }) \end{aligned}$$\end{document}$$For instance, if we are interested in considering the subset of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1 = \{a_1, a_3\}$$\end{document}$ and we carry out the corresponding reduction (removing the attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_4$$\end{document}$), we obtain the partition induced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1$$\end{document}$, which is shown in the middle of Fig. [3](#Fig3){ref-type="fig"}. Once again, as in Example [1](#FPar7){ref-type="sec"}, the equivalence classes obtained from the reduction considering the subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1$$\end{document}$ are convex sublattices of the original concept lattice. Therefore, the least local congruence that contains such a reduction is the induced equivalence relation itself, as it can be seen in the right side of Fig. [3](#Fig3){ref-type="fig"}. Consequently, local congruences do not modify the considered attribute reduction.Fig. 3.Concept lattice of Example [2](#FPar8){ref-type="sec"} (left), the partition induced by the subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_1$$\end{document}$ (center) and the least local congruence containing the induced partition (right).

Now, if the attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_3$$\end{document}$ are removed, i.e., only the subset of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_2=\{a_1, a_4\}$$\end{document}$ is considered, then the partition induced by the reduction is shown in the left side of Fig. [4](#Fig4){ref-type="fig"} and the induced equivalence classes are listed below.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}{}[C_0]_{D_2}&=\{C_0\}\\ [C_1]_{D_2}=[C_2]_{D_2}=[C_4]_{D_2}&=\{C_1,C_2,C_4\}\\ [C_3]_{D_2}&=\{C_3\}\\ [C_5]_{D_2}=[C_6]_{D_2}=[C_7]_{D_2}&=\{C_5,C_6,C_7\}\\ \end{aligned}$$\end{document}$$Notice that two of the obtained equivalence classes are not convex sublattices of the original concept lattice. The first one contains the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_4$$\end{document}$ and the other one contains the concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_5$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_6$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_7$$\end{document}$. However, the reasons that make these classes are not convex sublattices are well differentiated.

On the one hand, with respect to the equivalence class of the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_5]_{D_2}$$\end{document}$ we find a similar situation than the one shown in Example [1](#FPar7){ref-type="sec"}, that is, the infimum of the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_5]_{D_2}$$\end{document}$ is the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3$$\end{document}$ which is generated from attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_4$$\end{document}$ that has not been removed in the reduction of the context.

On the other hand, the infimum of the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$ is the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ which is not generated by any attribute of the context. Nevertheless, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0\notin [C_1]_{D_2}$$\end{document}$ since in the decomposition of meet-irreducible concepts of the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$, that is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0=C_4\wedge C_5 \wedge C_6$$\end{document}$, we can find two meet-irreducible concepts $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_5$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_6$$\end{document}$ satisfying that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_5,C_6\notin [C_1]_{D_2}$$\end{document}$.

In this case, the least local congruence whose equivalence classes contain the induced partition can be seen in the right side of Fig. [4](#Fig4){ref-type="fig"}. In this figure we have that the local congruence includes the infimum of the equivalence classes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_1]_{D_2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_5]_{D_2}$$\end{document}$ in their respective classes. Thus, the least local congruence provides two different equivalence classes.Fig. 4.The partition induced by the elimination of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_3$$\end{document}$ in Example [2](#FPar8){ref-type="sec"} (left) and the least local congruence containing the induced partition (right).

Now, we will analyze how this local congruence influences in the reduction of the attributes. We can see that the inclusion of the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_3$$\end{document}$ in the equivalence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C_5]_{D_2}$$\end{document}$, is equivalent to the elimination of attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_4$$\end{document}$. We can also observe that the intension of the concept $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ includes attribute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_4$$\end{document}$ which is ignored when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ is introduced in the equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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From the previous examples, we deduce that when the induced equivalence relation does not provide convex sublattices as equivalence classes, the use of local congruence relations alters the original attribute reduction, increasing the number of attributes to be removed. Moreover, it would be interesting to highlight these attributes, record its relationship with the removed attributes and the impact in attribute implications \[[@CR4], [@CR5], [@CR9], [@CR19]\].

Next result relates the equivalence relations induced by an attribute reduction with the attributes-concepts and the meet-irreducible elements of the concept lattice. Due to the closely relation between the $\documentclass[12pt]{minimal}
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Proof {#FPar10}
-----

Let us assume that we reduce the context (*A*, *B*, *R*), by considering a subset of attributes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D\subseteq A$$\end{document}$, and that given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C\in \mathcal C(A,B,R)$$\end{document}$, the induced equivalence class $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[C]_D$$\end{document}$ is not a convex sublattice of the original concept lattice.
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It is important to mention that the items exposed in the previous result are not exclusive, that is, we can find a concept $\documentclass[12pt]{minimal}
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Notice also that the requirement "$\documentclass[12pt]{minimal}
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Corollary 1 {#FPar11}
-----------

Let (*A*, *B*, *R*) be a context where its concept lattice $\documentclass[12pt]{minimal}
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These results show that the application of local congruences offers an advance and complemented procedure to reduce concept lattices, selecting and removing appropriate new attributes.

Conclusions and Future Work {#Sec6}
===========================

In this paper, we have addressed an initial study about the relation between the equivalence classes provided by both an attribute reduction and the least local congruence containing such a reduction in FCA. In particular, we have analyzed more in detail the cases when the induced equivalence relation does not provide convex sublattices as equivalence classes and the behavior of the local congruence when we use it in these cases. As a consequence, we have observed that the use of local congruence relations modifies the subset of unconsidered attributes. Moreover, we have stated conditions on the attribute-concepts and the meet-irreducible elements of the concept lattice associated with a context in order to detect when an equivalence class is not a convex sublattice. All ideas presented in this paper have been illustrated by means of different examples.

As future work, we are interested in continuing the study of influence of local congruences in the attribute reduction of a dataset. For example, we will analyze the relationship of the use of local congruences with attribute implications and how the removed attributes can be recovered from the set of attribute implications associated with the context. Furthermore, we will explore the ideas presented in this paper in the fuzzy framework of the multi-adjoint concept lattices.
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